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The propagation of heavy quarks in the quark-gluon plasma (QGP) has been often treated within
the framework of the Langevin equation (LV), i.e. assuming the momentum transfer is small or
the scatterings are sufficiently forward peaked, small screening mass mD. We address a direct
comparison between the Langevin dynamics and the Boltzmann collisional integral (BM) when a
bulk medium is in equilibrium at fixed temperature. We show that unless the cross section is quite
forward peaked (mD ∼= T ) or the mass to temperature ratio is quite large (MHQ/T >
∼
8− 10) there
are significant differences in the evolution of the p−spectra and consequently on nuclear modification
factor RAA(pT ). However for charm quark we find that very similar RAA(pT ) between the LV and
BM can be obtained, but with a modified diffusion coefficient by about ∼ 15 − 50% depending on
the angular dependence of the cross section which regulates the momentum transfer. Studying also
the momentum spread suffered by a single heavy quarks we see that at temperatures T >
∼
250MeV
the dynamics of the scatterings is far from being of Brownian type for charm quarks. In the case
of bottom quarks we essentially find no differences in the time evolution of the momentum spectra
between the LV and the BM dynamics independently of the angular dependence of the cross section,
at least in the range of temperature relevant for ultra-relativistic heavy-ion collisions. Finally, we
have shown the possible impact of this study on RAA(pT ) and v2(pT ) for a realistic simulation
of relativistic HIC. For larger mD the elliptic flow can be about 50% larger for the Boltzmann
dynamics with respect to the Langevin. This is helpful for a simultaneous reproduction of RAA(pT )
and v2(pT ).
PACS: 25.75.-q; 24.85.+p; 05.20.Dd; 12.38.Mh
I. INTRODUCTION
One of the primary aims of the ongoing nuclear
collisions at Relativistic Heavy Ion Collider (RHIC)
and Large Hadron Collider (LHC) energies is to cre-
ate a new state of matter where the bulk proper-
ties of the matter are governed by the light quarks
and gluons [1, 2]. To characterize this new phase
of matter, usually referred to as the Quark Gluon
Plasma (QGP), we need to probe it. In this con-
text, the heavy quarks (HQs), mainly charm and
bottom quarks, play a crucial role since they do not
constitute the bulk part of the matter due to their
larger mass with respect to the temperature created
in ultra-relativistic heavy-ion collisions (uRHIC’s)
[3]. HQs are therefore considered heavy for a two-
fold reason: the first, typical of particle physics, is
that the mass MHQ ≫ ΛQCD which makes possible
the evaluation of cross section and pT spectra within
next-to-lead order (NLO) [4, 5]; the second, more
inherent to plasma physics is that MHQ ≫ T and
therefore it may be expected to decouple from the
medium. Moreover the thermal production in the
QGP is also expected to be negligible. HQs are quite
good probes of the QGP because they are produced
in the very early stage of the collision, as their pro-
duction is associated with large momentum transfer.
Therefore they witness the entire space-time evo-
lution of the system and their thermal production
and annihilation can be ignored. Furthermore HQ
thermalization time in a perturbative QCD (pQCD)
framework is estimated to be of the order of 10-15
fm/c for charm and about 25-30 fm/c for bottom
[3, 8–10] for the temperature range relevant for the
QGP formed at RHIC and LHC. This means that
one should not expect a full thermalization of HQ
in uRHIC’s, as the lifetime of the QGP is about 4-5
fm/c at RHIC and about 10-12 fm/c at LHC. How-
ever a quantitatively reliable estimate of τHQth needs
a thorough comparison with the experimental obser-
vations. Therefore, HQs offer the unique opportu-
nity as a non-fully thermalized probe hence carrying
more information on the dynamical evolution of the
bulk medium.
About a decade ago the expectations were for a
perturbative interaction of HQs with the medium
due to the large mass with respect to the light quarks
and also to the energy scale set by the QGP temper-
ature. The predictions were a RAA ≈ 0.6 for charm
quarks and RAA ≈ 0.8 − 0.9 for bottom quarks in
central collisions [11, 12] at intermediate pT . Fur-
thermore the elliptic flow v2 = 〈cos(2φp)〉, a mea-
sure of the anisotropy in the angular distribution,
was predicted to be quite smaller with respect to
the light hadron ones [12]. The first experimental
results, hence came as a surprise showing a quite
small RAA(pT ) similar to that of pion and a quite
large v2(pT ) of single e
± coming from D and B
2mesons decay. The last were in approximate agree-
ment with a scenario of heavy quarks almost flowing
with the bulk medium [13, 14]. This has of course
even increased the interest for the understanding of
the heavy flavor dynamics in the QGP.
The propagation of HQ in QGP has been quite
often treated within the framework of the Fokker-
Planck equation [3, 6–8]. The main reason is that
their motion can be assimilated to a Brownian mo-
tion due to their perturbative interaction and large
mass that should generically lead to collisions suf-
ficiently forward peaked and/or with small momen-
tum transfer. Under such constraints it is known
that the Boltzmann transport equation reduces to
a Fokker-Planck dynamics [6], which constitutes a
significant simplification of in medium dynamics.
Such a scheme has been very widely employed [7–
10, 15, 22, 23, 26, 28, 34–37] in order to calculate
the experimentally observed nuclear suppression fac-
tor (RAA) [17–19, 21] and their large elliptic flow
(v2) [17] for the non-photonic single electron spectra.
Essentially all approaches show some difficulties
to predict correctly both RAA(pT ) and v2(pT ) and
such a trait is present not only at RHIC energy
(where the only single electrons coming from both
B and D have been measured [17–19]) but also in
the first data coming from collisions at LHC en-
ergy [21]. A successful prediction at RHIC for
both RAA(pT ) and v2(pT ) was achieved by including
non-perturbative contributions [15] from the quasi-
hadronic bound state with a subsequent hadroniza-
tion by coalescence and fragmentation [14, 25]. How-
ever the uncertainty in establishing the strength of
the non-perturbative effect and the fraction of B and
D feed-down into single electrons does not enable
to draw definitive conclusions. Furthermore also in
a pQCD framework supplemented by Hard Ther-
mal Loop (HTL) scheme several progresses has been
made to evaluate realistic Debye mass and running
coupling constants [16, 28] and also different models
for the expansion of the QGP [22, 23] and three-body
scattering effects [24, 27] have been implemented to
improve the description of the data. Along with
the Fokker-Planck approach, a description of HQ
within a relativistic Boltzmann transport approach
has been developed including collisional energy loss
[46, 47] and collisional plus radiative energy loss [16].
Also other authors have in the past and more re-
cently undertaken the study of charm quarks within
a Boltzmann approach [30–33].
To clarify the possible differences that may come
from a Fokker-Planck description with respect to
the solution of the Boltzmann collision integral, we
study in this paper in quite some detail the similar-
ities and differences of the HQ dynamics in a QGP
medium. This is a first study trying to understand if
there can be some ambiguity in the data interpreta-
tion coming from differences in the two transport ap-
proaches currently employed to investigate the phe-
nomenology of open heavy flavor in ultra-relativistic
HIC. Indeed the motivation of employing a Fokker-
Planck approach was initially more related to the
prejudice that the momentum transfer suffered by
HQ is small for both charm and bottom quarks. On
the other hand, a suppression factor RAA and an
elliptic flow (v2) similar for light and heavy flavors,
observed experimentally, raise the suspect that the
momentum transfer may not be really sufficiently
small. Therefore we study the impact of the ap-
proximations involved by Fokker-Planck equation by
means of a direct comparison with the full collisional
integral within the framework of Boltzmann trans-
port equation. In particular, we focus on studying
the convergence of Boltzmann dynamics to the FP
as a function of the angular dependence of the scat-
terings, which determines the average momentum
transfer. The study is conducted comparing Boltz-
mann and Fokker-Planck dynamics in a box bulk
medium at fixed temperature, which allows a better
assessment of the underlying dynamics providing a
solid basis for understanding the more complex HIC
dynamics. Furthermore, we will discuss both the
momentum evolution of a single quark at fixed en-
ergy and of the global momentum spectra in terms
of the nuclear suppression factor. Finally we show
the impact of our study on RAA(pT ) and v2(pT ) for
a realistic simulation of relativistic HIC.
The article is organized as follows. In the next
section we will briefly discuss the Boltzmann trans-
port equation and the Fokker-Planck (Langevin)
one. In section III, we discuss the cross section,
the drag and the diffusion coefficients used to cal-
culate the HQ momentum evolution within the two
transport approaches. Section IV is devoted for the
numerical results and comparison between the re-
sults obtained from both Langevin and Boltzmann
approaches. The impact of the Boltzmann dynamics
for a realistic simulation of relativistic HIC is pre-
sented in section V . Section VI contain the summary
and conclusions.
II. TRANSPORT APPROACH FOR HEAVY
QUARK DYNAMICS
The Boltzmann equation for the HQ distribution
function can be written in a compact form as:
pµ∂µfHQ(x, p) = C[fHQ](x, p) (1)
where C[fHQ](x, p) is the relativistic Boltzmann-like
collision integral and the phase-space distribution
function of the bulk medium appears as an inte-
grated quantity in C[fHQ]. We are interested to
3the evolution of the heavy quarks distribution func-
tion fHQ(x, p). The distribution function of the bulk
medium has in general to be determined by another
set of equations that could be the Boltzmann-Vlasov
equation for quark and gluons or the hydrodynamic
equations. However in the present study the bulk
medium will be just a thermal bath at equilibrium
at some temperature T, which allows for better fo-
cusing , testing and assessing the dynamics of HQs
in a Boltzmann transport dynamics respect to a
Fokker-Planck one. This is a key step before study-
ing the more complex case of the expanding medium
in uRHIC where gradients of density and tempera-
ture are involved.
It is well known that the relativistic collision in-
tegral for two-body collisions can be written in a
simplified form [3, 6] in the following way:
C[fHQ](x, p) =
∫
d3k [ω(p+ k, k)fHQ(x, p+ k)
−ω(p, k)fHQ(x, p)] (2)
where ω(p, k) is the rate of collisions per unit mo-
mentum phase space of heavy quark changing the
momentum from p to p − k. The first term in the
integrand of Eq. 2 represents the gain term through
collisions and the second term represents the loss
out of the infinitesimal volume element around the
momentum p. HQs interact with the medium by
mean of two-body collisions regulated by the scat-
tering matrix of the process g + HQ → g + HQ
(σg+HQ→g+HQ), therefore defining the relative ve-
locity between the two colliding particles as vrel the
transition rate can be written as:
ω(p, k) =
∫
d3q
(2π)3
fg(x, p)vrel
dσg+HQ→g+HQ
dΩ
(3)
where σg+HQ→g+HQ is generally related to the scat-
tering matrix |MgHQ|2, in this study we will employ
the well-known Combridge cross section by a screen-
ing mass in the t channel propagator (see Appendix).
The relation between the cross sections and scatter-
ing matrix is the standard one:
vrel
dσg+HQ→g+HQ
dΩ
=
1
dc
1
4EpEq
×
|MgHQ|2
16π2Ep−kEq+k
δ0(Ep + Eq − Ep−k − Eq+k)(4)
that we recall because the scattering matrix is the
real kernel of the dynamical evolution for both the
Boltzmann approach and the Fokker-Planck one. Of
course, all the calculations discussed in the following
will originate from the same scattering matrix for
both cases.
The Boltzmann equation is solved numerically
dividing the space into a three-dimensional lat-
tice and using the test particle method to sample
the distribution functions. The collision integral
is solved by mean of a stochastic implementation
of the collision probability P = vrelσg+HQ→g+HQ ·
∆t/∆x [40, 41, 43, 45]. The code has been widely
tested as regard the collision rate and the evolution
of non-equilibrium initial distributions toward the
Boltzmann-Juttner equilibrium distribution both as
a function of cross section, temperature and mass
of the particles, including non-elastic collisions [42]
. We have considered a bulk consisting of only glu-
ons for simplicity. The extension to light quarks is
straightforward, however for our purposes it is not
relevant, because we are anyway interested in the
comparison between the Boltzmann and Langevin
evolution. From this point of view if the scatterings
happen with a gluon or a quark is irrelevant once the
angular dependence of the collisions has been fixed
to be the same in Boltzmann and Langevin.
A. Heavy quark momentum evolution in
Langevin dynamics
The non-linear integro-differential Boltzmann
equation can be significantly simplified employing
the Landau approximation whose physical relevance
can be associated to the dominance of soft scatter-
ings with small momentum transfer |k| with respect
to the particle momentum p. Namely one expands
ω(p+ k, k)f(x, p+ k) around k,
ω(p+ k, k)fHQ(x, p+ k) ≈ ω(p, k)f(x, p)
+k
∂
∂p
(ωf) +
1
2
kikj
∂2
∂pi∂pj
(ωf) (5)
Inserting Eq.(5) into the Boltzmann collision inte-
gral, Eq.(2), one obtains the Fokker Planck Equa-
tion:
∂f
∂t
=
∂
∂pi
[
Ai(p)f +
∂
∂pj
[Bij(p)]
]
(6)
by simply defining Ai =
∫
d3k w(p,k)ki = A(p)pi
and Bij =
∫
d3k w(p,k)kikj directly related to the
so called drag and diffusion coefficient. The Fokker-
Planck equation can be solved by a stochastic differ-
ential equation i.e the Langevin equation [3, 8, 10]:
dxi =
pi
E
dt,
dpi = −Apidt+ Cijρj
√
dt (7)
where dxi and dpi are the coordinate and momen-
tum changes in each time step dt. A is the drag
force and Cij is the covariance matrix describing the
4stochastic force in terms of independent Gaussian-
normal distributed random variables ρj , P (ρ) =
(2π)−3/2e−ρ
2/2. The random variable obey the re-
lation < ρiρj >= δ(ti − tj) and < ρj >= 0. The
covariance matrix is directly related to the diffusion
coefficient,
Cij =
√
2B0P
⊥
ij +
√
2B1P
‖
ij , (8)
where
P⊥ij = δij −
pipj
p2
, P
‖
ij =
pipj
p2
. (9)
are the transverse and longitudinal tensor projec-
tors. Under the common assumption, B0 = B1 = D,
then Eq (8) reduces to Cij =
√
2D(p)δij . This is ex-
actly valid only for p→ 0, but it is usually assumed
also at finite p in application for HQ dynamics in
the QGP [8–10, 15, 27, 34] . To achieve the equilib-
rium distribution feq = e
−E/T with E =
√
p2 +m2
as the ultimate distribution one needs to adjust the
drag coefficient A in accordance with the Einstein
relation [38, 39]
A(p) =
D(p)
ET
− D
′(p)
p
. (10)
The specification of random process depend on the
specific choice of the momentum argument of the co-
variance matrix. In the present work we are using
the pre-Ito interpretation to solve Eq.(7). We have
checked that if the drag A and diffusion D coeffi-
cients are related by the fluctuation-dissipation theo-
rem (FDT) the distribution function f(p) converges
to the Boltzmann-Juttner function e−E/T . How-
ever when the A and D are directly calculated from
the scattering matrix MgHQ it is not guaranteed
that they fulfill the FDT. In fact the Fokker-Planck
equation is just a projection of the effect of scatter-
ings into first (drag) and second (diffusion) moments
and it cannot be guaranteed that the dynamics im-
plied by the scattering processes can be fully encased
into a momentum shift plus a Gaussian fluctuations
around the average momentum. However we have
checked that generally for all the cases considered
the violation of the FDT is marginal at least for mo-
menta p >∼ 1.5GeV that is the region of interest in
our following discussion.
III. SCATTERING MATRIX, CROSS
SECTION AND DRAG-DIFFUSION
COEFFICIENTS
The elastic collisions of heavy quarks with the
gluons in the bulk has been considered within the
framework of pQCD. The expression of the scat-
tering matrix MgHQ is the well known Combridge
matrix that includes s, t, u channel and their inter-
ferences terms, augmented with a screening mass
mD = g(T )T inspired by the HTL scheme as de-
tailed in the Appendix. We have taken a charm
quark massMc = 1.3GeV and a bottom quark mass
Mb = 4.2GeV. Our purpose is to perform the com-
parison between the Langevin and Boltzmann trans-
port equations for different momentum transfer sce-
narios that can be directly related to the angular dis-
tribution of scattering matrix or cross section. This
can be achieved by using three different values of
the Debye screening masses (mD) needed to shield
the divergence associated with the t-channel of the
scattering matrix. As well known a small screen-
ing mass corresponds to forward peaked differential
cross section, as we show in Fig.1 by solid lines for
charm quarks and dashed lines for bottom quarks.
We have chosen three different values for mD, one is
0.83 GeV that corresponds to mD =
√
4παs T with
αs = 0.35 at T = 400MeV . The last is the main
temperature we will consider for our study. The
other two values correspond to a reduction factor
of two (mD = 0.4GeV) and an increase of a factor
of two (mD = 1.6GeV). We can see in Fig.1 that
mD = 0.4 GeV corresponds to a situation where the
scattering is quite forward peaked and mD = 1.6
GeV instead corresponds to a situation where the
scatterings are nearly isotropic, see Fig. 1. We con-
sider these three cases for mD just as an effective
way to roughly resemble different modelings as the
one based on very forward peaked scatterings (small
mD) [16, 44, 47], those more close to an HTL ap-
proach (with mD = gT ) [27, 28, 30, 35] and finally
with large mD, the physical situation in which one
can predict the existence of resonant states that cor-
responds to isotropic scatterings [9, 15, 34, 37].
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FIG. 1: Angular dependence of the cross section for
different values of mD for charm quarks (solid lines) and
for bottom quarks (dashed lines).
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FIG. 2: Variation of momentum transfer with p for dif-
ferent values of mD for charm quarks (solid lines) and
for bottom quarks (dashed lines).
In Fig.2 we show the momentum transfer corre-
sponding to different angular distributions or differ-
ent values of Debye screening masses for both charm
(solid lines) and bottom (dashed lines) quarks as
a function of the HQ momentum p when the bulk
medium is at a temperature T = 400GeV. We have
estimated the momentum transferred as a function
of p using the Boltzmann approach. We evaluate the
total momentum transferred for particles in each in-
terval p + ∆p and divide it by the total number of
collisions in such an interval. For an HQ momentum
|p| = 5GeV we see that one goes from a momentum
transfer |k| = 0.5GeV for the forward peaked scat-
tering matrix corresponding to mD = 0.4GeV to
a |k| = 1.5GeV for the nearly isotropic cross sec-
tion corresponding to mD = 1.6GeV. For bottom
quarks, due to their larger mass corresponding to
Mb/T ∼ 10, the change is less pronounced and for
nearly isotropic cross sections is at most about 0.8
GeV.
Starting from the same scattering matrix,MgHQ,
we have evaluated the Drag A(p) and Diffusion con-
stant B(p) that enter into Langevin equation, see
Eq. 6. The results are shown in Fig.s 3 and 4 for
both charm (solid lines) and bottom (dashed lines)
quarks at a temperature T = 400 MeV for differ-
ent values of mD that give rise to different values of
drag and diffusion coefficients. The coupling αs has
been kept fixed for all the cases. In order to have a
similar RAA within the typical time scale of uRHIC
τ ≈ 6 fm/c, the |MgHQ|2 has been multiplied by
a k factor. This has been chosen to be k = 2.1
for mD = 0.4GeV, k = 4 for mD = 0.83GeV and
k = 7.2 for mD = 1.6GeV [46]. For the same k fac-
tor is of course rescaled also the cross section used to
determine the evolution within the Boltzmann equa-
tion. Once the coefficients are rescaled by k, they
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FIG. 3: Variation of drag coefficients with p at T = 400
MeV for different values of mD.
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FIG. 4: Variation of diffusion coefficients with p at T =
400 MeV for different values of mD.
become approximately equal at p ∼ 2 − 3 GeV for
the different mD. However the effect discussed does
not depend on such k factor that has been included
only to set similar time scales for the evolution of
the spectra reaching RAA(p) ∼ 0.3 similar to that
observed in HIC at momenta of about 4 − 6GeV.
However there is no necessity to set them exactly
equal because we are interested only in comparing
the Fokker-Planck and Boltzmann evolution start-
ing from the same kernel (same mD) given by the
scattering matrix.
6IV. NUMERICAL RESULTS: COMPARING
THE BOLTZMANN AND LANGEVIN
EVOLUTION
We now discuss the evolution of momentum dis-
tributions of charm and bottom quarks interacting
with a bulk medium at T = 0.4GeV with scatter-
ing processes determined by the scattering matrices
discussed in the previous section. The initial dis-
tribution of heavy quarks are taken from Ref. [4]
and given by f(p, t = 0) = (a + b p)−n with a =
0.70 (57.74), b = 0.09 (1.00) and n = 15.44 (5.04) for
charm and bottom quarks respectively. The above
function gives a reasonable description of D and B
meson spectra in the p-p collision at highest RHIC
energy. For the sake of comparison, we solve both
the Langevin equation and the Boltzmann equation
as described in Section II and III in a box with a vol-
ume V = 125 fm3. Our purpose is to compare the
time evolution starting from the same initial mo-
mentum distribution for the both cases. The differ-
ential cross section dσ/dΩ, main ingredient of the
Boltzmann equation, and the drag and diffusion co-
efficients, key ingredient of the Langevin equation,
both originated from the same scattering matrix.
We have plotted the results as a ratio between
Langevin to Boltzmann at different times to quan-
tify how much the ratio deviates from 1. We started
the simulation at t = 0 fm/c which of course corre-
sponds to a ratio of 1 as we start the simulation with
the same initial momentum distribution for both
Langevin and Boltzmann equations. So any devi-
ation from 1 would reflect how much the Langevin
differ from the Boltzmann evolution.
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FIG. 5: Ratio between the Langevin (LV) and Boltz-
mann (BM) spectra for charm quark as a function of
momentum for mD = 0.83 GeV at different time.
In Fig 5 the ratio of Langevin to Boltzmann spec-
tra for the charm quark with mD = 0.83 GeV has
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FIG. 6: Ratio between the Langevin (LV) and Boltz-
mann (BM) spectra for charm quark as a function of
momentum for mD = 0.4 GeV at different time.
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FIG. 7: Ratio between the Langevin (LV) and Boltz-
mann (BM) spectra for charm quark as a function of
momentum for mD = 1.6 GeV at different time.
been displayed as a function of momentum at differ-
ent time. From Fig 5 it is observed that for t = 4 fm
the deviation of Langevin from Boltzmann is around
40% and for t = 6 fm the deviation is around a 50%
at p = 5 GeV, which suggests the Langevin approach
overestimates the average energy loss considerably
due to the approximation it involves.
We remind that time scales of 4 − 6 fm/c can be
roughly taken as those corresponding to the typi-
cal lifetime of a QGP in uRHIC’s. This is why we
are displaying and discussing the results around such
a time. The same ratio is depicted in Fig 6 for
mD = 0.4 GeV which is only a way to simulate a
quite forward peaked scattering. The results pre-
sented in Fig 6 shown that Langevin dynamics de-
7viates from the Boltzmann by about a 15% at t = 6
fm and |p| ≈ 5GeV. The reduced deviation be-
tween Langevin and Boltzmann for mD = 0.4 GeV
can be expected knowing that for such a case where
the scattering are more forward peaked and the av-
erage transfer momentum |k| is about a factor of two
smaller with respect to the case mD = 0.83 GeV, as
shown in Fig.2. On the contrary, when we consider a
larger screening mass, mD = 1.6 GeV to simulate a
nearly isotropic scattering, the transferred momen-
tum is about a factor of three larger and we see that
the ratio of Langevin to Boltzmann spectra in Fig 7
at different time can lead to differences as large as
a factor 70% at t=4 fm/c. It is however important
to report that for this last case the results depend
on the procedure chosen to determine the Drag A(p)
and Diffusion coefficients D(p). The results shown
in Fig.7 is for the case where both coefficients are
evaluated directly from the MgHQ. However just
for this case if one calculates the diffusion coefficient
from the scattering matrix and the drag one from
the constraint of the fluctuation dissipation theorem
(FDT) the result are significantly modified. In par-
ticular the LV/BM ratio will evolve quite slowly and
the ratio reaches value about∼ 0.6−0.7 at t=4 fm/c.
Such ambiguity in determining the drag and diffu-
sion coefficient is much less relevant for the case of
smaller mD, however it essentially means that for
nearly isotropic scatterings associated to large mo-
mentum transfer the dynamics of the scattering can-
not be really encased simply into a shift of the av-
erage momenta with a Gaussian diffusion round the
mean. This manifests into a stronger breaking of
the FDT when both drag and diffusion are evalu-
ated from MgHQ.
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FIG. 8: Ratio between the Langevin (LV) and Boltz-
mann (BM) spectra for bottom quark as a function of
momentum for mD = 0.83 GeV at different time.
We now move to the calculation for bottom
quarks. In Fig. 8 the results for bottom quark are
displayed for mD = 0.83 GeV. It is observed that
the ratio stays practically around one for bottom
quark for all the time evolution considered in the
manuscript. The results for the other two values of
mD are quite similar Therefore, for bottom quark
the Langevin approach is really a good approxima-
tion of the Boltzmann equation independently of the
angular dependence of the scatterings, at most a
10% difference is observed for mD = 1.6 GeV. On
the other hand, as already mentioned due to the
large bottom mass an approximation of the dynam-
ics to a Brownian motion appears always appropri-
ate. We notice that this is determined by the ratio of
the mass and the temperature that determines the
average momentum of the particles colliding with
heavy quarks (〈p〉 ≃ 3T ). For the bottom quark
Mc/T ≃ 10 while for charm quarkMb/T ≃ 3 for the
temperature we are considering.
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FIG. 9: Evolution of charm quark momentum distribu-
tion within Langevin dynamical considering the initial
momentum distribution of the charm quarks as a delta
distribution at p=10 GeV.
A. Momentum spread of heavy quarks
To further investigate the differences between the
heavy quark dynamics implied by a Langevin and
a Boltzmann approach, we study the heavy quark
momentum evolution considering the initial charm
and bottom quark distribution as a delta distribu-
tion at p = 10 GeV for the case with mD = 0.83
GeV. The momentum evolution of the charm quarks
is displayed in Fig. 9 within the Langevin dynamics.
It is observed that the distributions are Gaussian as
expected by construction. As known the Langevin
dynamics consists of a shift of the average momenta
with a fluctuation around such a value that includes
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FIG. 10: Evolution of charm quark momentum distribu-
tion within Boltzmann equation considering the initial
momentum distribution of the charm quark as a delta
distribution at p=10 GeV.
also the possibility to gain energy for the HQ as
we see from the tail of the momentum distribution
that overshoots the initial momentum p = 10GeV
at t = 2 fm/c, blue dashed line in Fig.9.
0 2 4 6 8 10 12 14
p [GeV]
0
100
200
300
400
500
dN
/d
p
t=0 fm
t=2 fm
t=4 fm
t=6 fm
Bottom
FIG. 11: Evolution of bottom quark momentum distri-
bution within Langevin dynamical considering the initial
momentum distribution of the bottom quark as a delta
distribution at p=10 GeV.
In Fig. 10 we present the momentum distribution
for charm quark within the Boltzmann equation. In
this case the evolution of the charm quarks momen-
tum does not have a Gaussian shape and already at
t = 2 fm/c has a very different spread in momentum
with a larger contribution from processes where the
charm quark can gain energy and a long tail at low
momenta corresponding to some probability to lose
a quite large amount of energy and in general a
global shape that is not a at all of Gaussian form.
This essentially indicates that for a particle with
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FIG. 12: Evolution of bottom quark momentum distri-
bution within Boltzmann equation considering the initial
momentum distribution of the bottom quark as a delta
distribution at p=10 GeV.
0 2 4 6 8 10 12 14
p [GeV]
0
100
200
300
400
500
dN
/d
p
t=0 fm
t=6 fm
t=12 fm
t=18 fm Charm
FIG. 13: Evolution of charm quark momentum distri-
bution using the Boltzmann approach considering the
initial momentum distribution of the charm quark as a
delta distribution at p=10 GeV propagating in a bulk at
T = 200MeV .
M ∼ 〈p〉 ∼ 3T as it is for the charm quark at a
temperature T = 0.4GeV, the evolution is not of
Brownian type. For the bottom quarks, shown in
Fig. 11 and Fig. 12 , the momentum evolution gives
a much better agreement between the Boltzmann
and the Langevin evolution because Mb/T ≃ 10.
To further support this argument we have also
studied the evolution of charm in a medium at
T = 200MeV as shown in Fig. 13, whereMc/T ≃ 6,
and in this case we have also found for the charm
quark a momentum distribution similar to the
bottom one shown in Fig. 12. We notice that in
Fig. 13 we have plotted the momentum distribution
at larger time steps ti with respect to the figures
at 400 MeV. This is because the drag coefficient A
9at 200 MeV is about a factor three smaller than
the case at 400 MeV. Therefore, we have chosen to
plot the distribution at time steps such that tiA is
almost the same as in the previous Fig. 9 and 10.
Finally, we notice that even in the bottom case
at T = 0.4GeV (Mb/T ≃ 10) the evolution of the
global spectra are practically identical between the
Langevin and Boltzmann dynamics, see Fig.8, the
detail of the energy loss of a single bottom quark
remains still significantly different. The momentum
distribution is reminiscent of a Gaussian distribution
showing clearly a peak around the average momen-
tum, but still it has an asymmetric distribution with
a long tail towards lower momenta.
It would be interesting to study observables that
are sensitive to such details of the HQ dynamics. A
first candidate could be the DD¯ and/or BB¯ correla-
tion [48] that should be quite different in a Langevin
dynamics with respect to the Boltzmann one since
the momentum evolution of a single quark is so dif-
ferent, in particular for charm quarks. For the charm
quark the very different change in momenta could
determine also a quite different dynamics for the
suppression of charmonium in the medium.
B. Time Evolution of the Nuclear Modification
factor RAA
One of the key observable, investigated at RHIC
and LHC energies, is the depletion of high pT par-
ticles (D and B mesons or single e±) produced in
Nucleus-Nucleus collisions with respect to those pro-
duced in proton- proton collisions expressed through
the nuclear suppression factor RAA. Therefore, we
look at the evolution of the spectra in terms of the
RAA(p) for charm quarks evolving according to the
LV and BM transport equations. We calculate the
nuclear suppression factor, RAA, using our initial
t = 0 and as final the t = tf charm quark distribu-
tion as RAA(p) =
f(p,tf )
f(p,t0)
.
The nuclear suppression factor, RAA, has been
displayed in Fig 14 as a function of momentum from
both Langevin and Boltzmann side at different time
for mD = 0.83 GeV. From Fig 14 it is observed
that the time evolution of the nuclear suppression
factor differs substantially from Langevin to Boltz-
mann at a given time. Similar trends are seen also
at mD = 0.4 GeV but with a much smaller devia-
tion of the order of 15% while at mD = 1.6 GeV the
deviation in the time evolution are even larger, we
will discuss them more quantitatively before closing
this Section.
The Diffusion coefficient has a significant impor-
tance for the phenomenological study. Hence, it is
more meaningful from a phenomenological point of
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FIG. 14: The nuclear suppression factor, RAA as a func-
tion of momentum from the Langevin (LV) equation and
Boltzmann (BM) equation for charm quark in a box at
T=0.4 GeV and mD = 0.83 GeV.
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FIG. 15: The nuclear suppression factor, RAA as a func-
tion of momentum from the Langevin (LV) equation and
Boltzmann (BM) equation for charm quark in a box at
T=0.4 GeV and mD = 0.83 GeV.
view to evaluate how much we need to change the
diffusion coefficient/interaction from Langevin side
to reproduce the same nuclear suppression factor as
for the Boltzmann equation. We find that (Fig. 15)
a reduction of the diffusion coefficients is needed for
the Langevin equation by 30% (or we need only 70%
in the LV ) to get a similar nuclear suppression fac-
tor as of the Boltzmann equation at time t = 4 fm/c
which is the typical lifetime of the system produced
at RHIC. We do not display the experimental data
because we are simply studying the evolution of RAA
in a box at fixed T . Still one gets an idea of the
differences that may be found with a realistic ex-
panding QGP background . It is interesting to note
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FIG. 16: The nuclear suppression factor, RAA as a func-
tion of momentum from the Langevin (LV) equation and
Boltzmann (BM) equation for charm quark in a box at
T=0.4 GeV and mD = 1.6 GeV.
that even if we put the emphasis on the different dy-
namical evolution between BM and LV, at the end
one can obtain an identical (almost) RAA(p) in all
the p range just by reducing the interaction of about
30%. It may be mentioned here that in the present
calculation of RAA, both the drag and diffusion coef-
ficients are taken from pQCD calculation to capture
the actual dynamical evolution. It is found that if
we use the diffusion coefficient from pQCD and drag
coefficient in accordance with Einstein relation, the
RAA differ about 25% at p ∼ 6− 7 GeV and bit less
at low momentum for t = 4 fm/c with respect to the
case when both the drag and diffusion coefficients
are taken from pQCD, as we do in this paper.
In Fig 16 we plotted RAA as a function of mo-
mentum from for mD = 1.6 GeV. For this case the
Langevin results differ drastically from Boltzmann
as the momentum transfer is very large, but still
one can compensate the difference between Langevin
and Boltzmann, having exactly the same RAA(p) by
reducing by about a 50% of the diffusion coefficient
for the LV evolution. However, as mentioned in the
previous subsection for mD = 1.6 GeV there can be
significant dependency whether both A and D co-
efficients are taken from the pQCD calculations or
the fluctuation-dissipation theorem is implemented.
We have checked that this can reduce or enhance
the differences between the LV and BM dynamics.
However, our main aim here is simply to show that
even if the underlying dynamics of the charm quark
can be quite different between the LV and the BM
transport approaches at the level of the RAA(p), one
can anyway mimic the same result mocking the dif-
ferences in the dynamical evolution by modifying the
interaction by an amount that can go from about a
10% up to about a 50% depending on the angular de-
pendence of the scatterings that entails the strength
of the transferred momentum. We have not shown
results for the bottom case because, as discussed in
the first part of this section we do not observe signif-
icant differences in the time evolution of the spectra
between the LV and BM descriptions.
V. COMPARISON WITH THE
EXPERIMENTAL OBSERVABLES
In order to study the impact of the results pre-
sented in the previous sections on the phenomenol-
ogy of heavy-ion collisions, we present here a first
comparison between the results obtained within the
Boltzmann and the Langevin approach with the ex-
perimental data. We have performed simulation of
Au+Au collisions at
√
s = 200 AGeV for the mini-
mum bias using a 3+1D transport approach [40–42].
The initial conditions for the bulk in the r-space are
given by the standard Glauber condition, while in
the p-space we use a Boltzmann-Juttner distribu-
tion function up to a transverse momentum pT = 2
GeV and at larger momenta mini-jet distributions
as calculated by pQCD at NLO order [25]. The ini-
tial maximum temperature at the center of the fire-
ball is T0 = 340 MeV and the initial time for the
simulations is τ0 = 0.6 fm/c (corresponding to the
τ0 ·T0 ∼ 1 criteria). The distributions in p-space for
the HQ are the same as described in the previous
section and in r-space they are distributed accord-
ing to Ncoll. Of course the same bulk that we get
within the Boltzmann equation is used for both the
Langevin and Boltzmann approaches.
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FIG. 17: Comparison of the nuclear suppression factor,
RAA, as a function of pT obtained within the Boltzmann
(BM) and Langevin (LV) evolution with the experimen-
tal data obtained at RHIC energy.
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FIG. 18: Comparison of the elliptic flow , v2, as a func-
tion of pT obtained within the Boltzmann (BM) and
Langevin (LV) evolution with the experimental data ob-
tained at RHIC energy. Both Statistical and systematic
errors of the experimental data has been taken into ac-
counts.
We convolute the solution with the fragmentation
functions of the heavy quarks at the transition tem-
perature Tc to obtain the momentum distribution of
the heavy mesons (B and D). The Peterson function
has been used for heavy quark fragmentation:
f(z) ∝ 1
[z[1− 1z − ǫc1−z ]2]
(11)
for charm quark ǫc = 0.04. For bottom quark ǫc =
0.005.
We calculate the nuclear suppression factor, RAA,
using our initial t = 0 and final t = tf heavy me-
son (D or B) distribution as RAA(p) =
f(p,tf )
f(p,t0)
. The
anisotropic momentum distribution induced by the
spatial anisotropy of the bulk can be calculated by
means of the quantity v2:
v2 =
〈
p2x − p2y
p2T
〉
, (12)
measuring the momentum space anisotropy.
As we mentioned earlier, it is a challenge for all the
models to describe the RAA and v2 simultaneously
for the same set of inputs. In Fig. 17 we have shown
the RAA as a function of pT . In the present study,
we try to reproduce the same RAA (almost) from
both the LV and BM side (as we did in Fig. 15 and
Fig. 16 ) and study the corresponding v2. To obtain
a very similar RAA in LV and BM for the expanding
medium, one needs to reduce the interaction from
the LV side similarly to the static case.
In Fig. 18 we have plotted v2 as a function of
pT calculated from both the LV and BM dynamics.
Our main conclusion is that even if the RAA(pT )
is very similar in both cases, the full BM dynamics
generates a sizable larger v2(pT ) (about 50% ) to-
ward a better agreement with the experimental data
at RHIC [20] energy. The present calculation is
performed at mD=1.6 GeV (isotropic cross section)
which allows to simulate the case of nearly isotropic
cross section estimating roughly the maximum ef-
fect that the BM dynamics can have with respect to
the LV dynamics for experimental observables. In
BM case, we are getting a larger v2, most likely due
to the large spreading of momentum, see Fig. 10,
implying that the charm quark mixes up with the
bulk participating more effectively to the dynamics
of the expanding medium. The effect on v2 for the
same RAA(pT ) is still significant, about 25%− 30%,
for mD ∼ 0.8GeV (similarly for mD = g(T )T ),
while it becomes negligible for mD ∼ 0.4GeV (or
more generally for mD ≤ T ). We notice that with
the isotropic cross section one may nearly reproduce
the RAA and v2 simultaneously within the BM ap-
proach.
VI. SUMMARY AND CONCLUSIONS
We present a study of the implications of the ap-
proximations involved in the Langevin equation by
mean of a direct comparison with the full collisional
integral (no small momentum transferred approx-
imation) within the framework of the Boltzmann
transport equation. We consider a box where the
bulk is in equilibrium at T=0.2-0.4 GeV. For the
realistic initial momentum distribution, we found
that the Langevin approach is a very good approx-
imation for bottom quark whereas for charm quark
Langevin approach can deviate significantly from the
full Boltzmann transport equation depending on dif-
ferent values of mD. The difference for mD = 0.83
GeV is about a 40 − 50% at intermediate momen-
tum for a time evolution of 5-6 fm/c typical of the
QGP created in heavy-ion collisions . The deviation
goes down to about a 10 − 15% for the same range
of momentum and time for the case mD = 0.4 GeV.
For mD = 1.6 GeV the difference is about a 70%
at intermediate momentum, but the exact amount
depends on the way the fluctuations-dissipation the-
orem is implemented. Hence, the effect for charm
quarks can be significantly larger or smaller depend-
ing on the values of Debye screening mass and/or on
the angular dependence of the collisions. However
we notice that one can get a very similar suppres-
sion factor from both the approaches just reducing
the diffusion coefficient of the Langevin approach by
12
around 30% formD = 0.83 GeV. For mD = 1.6 GeV
such reduction should be about a 50%.
The present uncertainties on the charm transport
coefficients is indeed even larger. If such an ambigu-
ity on the value of the drag or diffusion coefficient is
discarded looking only at RAA(pT ) one can conclude
the Langevin dynamics supplies a sufficiently good
approximation of the Boltzmann collision integral,
even if we warn that the detail of the single quark
energy loss spread could be quite different in the two
cases. In fact, we have also performed the compari-
son for the case considering the initial distribution as
a delta peaked at p = 10 GeV. We found that both
the charm and bottom quarks are Gaussian like dis-
tribution within the Langevin dynamics while the
distribution obtained, for charm quarks, within the
Boltzmann equation is a quite different one reveal-
ing the fact that Langevin dynamics of the charm
quark may not work in a hot QCD medium. For the
bottom quarks the approximation looks reasonable.
More specifically, we have found that the under-
lying dynamics of the single heavy quarks are in-
deed quite different between the Boltzmann and the
Langevin approach. In practice the dynamical evo-
lution of a single charm does not appear to be simply
a shift in momentum with a Gaussian fluctuations
around it. Indeed one can say that this can be ex-
pected considering that for charm quarks Mc ∼ 〈p〉
for a typical temperature at RHIC and LHC en-
ergies, which makes the assumption of Brownian
motion questionable. On the contrary, for bottom
quarks we do find that the dynamical evolution is
approximately that of Brownian motion even if the
fluctuation around the average momentum still ap-
pear to deviate from a Gaussian shape and are more
reminiscent of the binomial distribution. These re-
sults can have significant effects on the heavy ion
phenomenology at RHIC and LHC energies.
Finally we presented a first comparison between
LV and BM approach for a realistic fireball evolution
as created in ultra-relativistic heavy-ion collisions at
RHIC energy. We have found that with the isotropic
cross section the BM approach gets close to repro-
ducing the RAA and v2 simultaneously while the LV
dynamics generate a smaller elliptic flow in corre-
spondence to the same RAA.
Acknowledgments
We acknowledge the support by the ERC StG un-
der the QGPDyn Grant n. 259684. We acknowledge
to T. Bhattacharyya for reading the manuscript.
VII. APPENDIX
In this appendix we quote the invariant ampli-
tude for the elastic processes used for evaluating the
drag and diffusion coefficients of charm and bottom
quarks considering the bulk consists of only gluons.
The invariant amplitude, |M|2gHQ→gHQ for the
process gHQ→ gHQ is given by:
|MgHQ→gHQ |2 = π2α2s
[
32(s−M2)(M2 − u)
(t−m2D)2
+
64
9
(s−M2)(M2 − u) + 2M2(s+M2)
(s−M2)2
+
64
9
(s−M2)(M2 − u) + 2M2(M2 + u)
(M2 − u)2
+
16
9
M2(4M2 − t)
(s−M2)(M2 − 4)
+16
(s−M2)(M2 − u) +M2(s− u)
(t−m2D)(s−M2)
−16(s−M
2)(M2 − u)−M2(s− u)
(t−m2D)(M2 − u)
]
(13)
where s,t and u are the Mandelstam variables and
M is the mass of the heavy quark. Integrating the
invariant amplitude over the variable t, between the
integration limits
tmin = − (s−M
2)2
s
; tmax = 0 (14)
we get the total cross section
σgHQ→gHQ =
1
16π(s−M2)2
∫ tmax
tmin
dt|MgHQ→gHQ|2
(15)
that we need to evaluate the collision integral in eq.
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